We compute the electronic component (κ) of the thermal conductivity and the thermoelectric power (α) of monolayer graphene, within the hydrodynamic regime, taking into account the slow rate of carrier population imbalance relaxation. Interband electron-hole generation and recombination processes are inefficient due to the non-decaying nature of the relativistic energy spectrum. As a result, a population imbalance of the conduction and valence bands is generically induced upon the application of a thermal gradient. We show that the thermoelectric response of a graphene monolayer depends upon the ratio of the sample length to an intrinsic length scale lQ, set by the imbalance relaxation rate. At the same time, we incorporate the crucial influence of the metallic contacts required for the thermopower measurement (under open circuit boundary conditions), since carrier exchange with the contacts also relaxes the imbalance. These effects are especially pronounced for clean graphene, where the thermoelectric transport is limited exclusively by intercarrier collisions. For specimens shorter than lQ, the population imbalance extends throughout the sample; κ and α asymptote toward their zero imbalance relaxation limits. In the opposite limit of a graphene slab longer than lQ, at non-zero doping κ and α approach intrinsic values characteristic of the infinite imbalance relaxation limit. Samples of intermediate (long) length in the doped (undoped) case are predicted to exhibit an inhomogeneous temperature profile, whilst κ and α grow linearly with the system size. In all cases except for the shortest devices, we develop a picture of bulk electron and hole number currents that flow between thermally conductive leads, where steady-state recombination and generation processes relax the accumulating imbalance. Our analysis incorporates, in addition, the effects of (weak) quenched disorder.
I. INTRODUCTION
Both quenched disorder and interparticle interaction effects influence electric and thermal transport in graphene. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 At exactly zero doping (the so-called "Dirac point"), the electron-hole fluid of massless Dirac quasiparticles is predicted to exhibit a perfectly finite, non-zero dc electrical conductivity σ for temperatures T > 0, even in the absence of disorder, due entirely to electron-hole collisions. 8, 9, 10, 11, 12 Since the carrier plasma is electrically neutral at zero doping, an applied electric field does not couple to the center-of-mass momentum of the fluid; instead, electrons and holes are driven in opposite directions, and electron-hole collisions limit the developing electric current. By contrast, a temperature gradient can induce a thermal drift of both electron and hole fluid components in the same direction; in the absence of quenched disorder, the resulting energy current grows unimpeded by interparticle collisions, which cannot influence the center of mass momentum. It has been therefore claimed that the electronic component κ of the thermal conductivity of clean, undoped graphene is infinite, 10 being limited only by the amount disorder in a dirty sample. We note that the thermoelectric power α = 0 at the Dirac point due to (approximate) particle-hole symmetry.
In this paper we demonstrate that the above picture is incomplete: a clean graphene sample at the Dirac point will in general exhibit a perfectly finite electronic thermal conductance G th , independent of the sample length L for L ≫ l Q , where l Q represents a certain intrinsic length scale (set by the bulk properties of the material and the average temperature). In such large specimens, the response is predicted to be inhomogeneous, with temperature gradients confined to boundary regions of size l Q adjoining the sample edges. In the opposite limit L ≪ l Q , the temperature falls linearly across the entire sample, and we find a well-defined, L-independent κ. At non-zero doping, the thermoelectric transport properties exhibit several different behavioral regimes. In the large system size limit L → ∞, both κ and α asymptote toward perfectly finite values at non-zero T and µ, even in the absence of disorder, in accord with the results of Ref. 10 . In the opposite limit of a sufficiently short device L ≪ L Q , we obtain new, completely different results. The mechanism responsible involves only interparticle collisions, but in particular the comparatively slow relaxation of electron-hole population imbalance.
Imbalance refers to a state in which the electron and hole populations deviate from their values in chemical equilibrium, so that these carriers possess independent chemical potentials µ e,h and particle densities n e,h . By contrast, equilibrium slaves µ e = −µ h ≡ µ in graphene (a zero bandgap semiconductor), so that both n e and n h are completely determined by µ and the temperature T . Recombination or generation processes relax a population imbalance within a time interval τ Q , the imbalance relaxation lifetime. The lowest order ("Auger" or two particle collision) relaxation processes typically involve the absorption or emission of an electron-hole pair, i.e. The left figure shows the Feynman diagram for the typical two-particle decay process given by Eq. (1.1a); εi and p i respectively denote the energy and momentum of the i th electron or hole. The right figure depicts momentum conservation for this process. The length of the dashed path L f ≡ |p 2 | + |p 3 | + |p 4 | traced out by the sum of "decay product" momenta is always greater than or equal to the length Li ≡ |p 1 | of the "parent" particle momentum: L f ≥ Li. If the particle energy spectrum takes the form ε(p) = |p| β , then the depicted decay process is kinematically forbidden for β < 1. For β = 1, only forward-scattering is allowed.
(1.1b)
In graphene, however, these processes are kinematically suppressed by the conservation of energy ε and momentum p, because the spectrum ε(p) of the quasiparticles is not decaying
(Negative curvature of the spectrum at T = 0 K arises due to the logarithmic renormalization of the Fermi velocity v F attributed to electron-electron interactions.) 13, 14, 15 As explicated in Fig. 1 , the linear spectrum allows only decay products with collinear momenta (i.e. pure forward scattering), but these processes make a negligible contribution to the imbalance relaxation. The sublinear spectrum forbids even this forward scattering decay. In clean graphene, higher order (e.g. three particle collision) imbalance relaxation processes are already allowed, while impurity-assisted collisions will contribute in a disordered sample; τ Q is therefore likely finite, although it may significantly exceed other relaxation times in the system.
In the limit of zero relaxation, a graphene monolayer probed through thermally conducting, electrically insulating contacts would possess electron and hole populations that are strictly conserved. In direct analogy with a single component, non-relativistic classical gas, 16 the electron-hole plasma in clean graphene with vanishing imbalance relaxation would exhibit a finite electronic thermal conductivity κ for arbitrarily large system sizes. (The imbalance relaxation length l Q , introduced above, diverges as τ Q → ∞.) In this regime, interparticle collisions facilitate heat conduction without particle number convection. In this paper, we will demonstrate that the same behavior obtains for non-zero imbalance relaxation (1/l Q > 0) in the limit of short samples, L ≪ l Q . By comparison, prior work 10 effectively assumed infinite relaxation of population imbalance (l Q → 0). We demonstrate that the results previously obtained in Ref. 10 for both κ and the thermoelectric power α at non-zero doping and temperature emerge in the limit of asymptotically large system sizes L ≫ l Q for a finite rate of imbalance relaxation, (l Q > 0). We will show that when the ends of a graphene slab of length L l Q are held at disparate temperatures and no electric current is permitted to flow, steady state particle convection does nevertheless occur; carrier flux is created or destroyed by imbalance relaxation processes near the terminals of the device. Thermopower measurements require the junction of the graphene slab with metallic contacts. We incorporate into our calculations carrier exchange with non-ideal contacts, which also relax the imbalance, and we carefully delimit the regimes in which deviations from the infinite relaxation limit should be observable in experiments. The effects of weak quenched disorder are included in all of our computations.
In this paper, we restrict our attention to the hydrodynamic (or "interaction-limited") transport regime, where inelastic interparticle collisions dominate over elastic impurity scattering. Prior work addressing thermoelectric transport in the opposite, "disorder-limited" regime, in which real carrier-carrier scattering processes may be neglected, includes that of Refs. 11,17,18. In the disorder-limited case, κ and α are determined by the energy-dependence of the electrical conductivity, via the "generalized" Wiedemann-Franz law and Mott relation, respectively. 19 The effect of the slow imbalance relaxation upon the dc conductivity in graphene under non-equilibrium interband photoexcitation has also been addressed.
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What essential new physics emerges through the incorporation of imbalance relaxation effects into the description of thermoelectric transport, and how can it be extracted from experiments? The entirety of linear transport phenomena in graphene within the hydrodynamic regime is essentially quantified by four intrinsic parameters. A finite rate of imbalance relaxation means that electrons and holes respond independently to external forces; the single "quantum critical" conductivity identified previously in Refs. 8,9,10 generalizes to a 2x2 tensor of coefficients, with diagonal elements σ ee , σ hh and off-diagonal elements σ eh = σ he ; all are mediated entirely by inelastic interparticle collisions. The description is similar to that of Coulomb drag:
22 the diagonal element σ ee (σ hh ) characterizes the response of the conduction band electrons (valence band holes) to a (gedanken) electric field that couples only to that carrier type, whereas σ eh characterizes the "drag" exerted by one carrier species upon the other (due to electron-hole collisions) under the application of such a field. σ ee and σ hh are related by particle-hole symmetry, leaving two independent parameters which we can take as σ eh and σ min ≡ (σ ee + σ hh − 2σ eh ); the latter combination is equal to the bulk dc electrical conductivity σ at the Dirac point in the hydrodynamic regime. 12 The imbalance relaxation Of these, l el and σ min can both be obtained from either the bulk dc conductivity σ (measured at variable doping), or from the combined measurement of the "infinite imbalance relaxation" thermoelectric transport coefficients κ ∞ and α ∞ . Here, κ ∞ and α ∞ are the (electronic) thermal conductivity and thermopower, respectively, as measured in a graphene device with L ≫ l Q . By contrast, the offdiagonal parameter σ eh can be independently determined through measurement of either κ or α, for a sufficiently short device satisfying L ≪ l Q . (A precise discussion of the limiting and crossover behaviors of κ and α, incorporating the complicating effects of the external contacts, is presented in Sec. IV of this paper). Finally, the imbalance relaxation length l Q can be ascertained via the measurement of either κ or α in the crossover regime L ∼ l Q , or through spatial resolution of the inhomogeneous temperature or electrochemical potential profiles across a device with L l Q . The four intrinsic graphene transport parameters discussed above and suggestions for their experimental determination are listed in Table I .
The rest of this paper is organized as follows. In Sec. II, we formulate a hydrodynamic description of carrier transport that admits carrier population imbalance and relaxation. In order to illustrate ideas, we apply this formalism to a putative experimental device. The hydrodynamic approach allows us to obtain the inhomogeneous temperature, chemical potential, and number current profiles across the device; some of these are sketched in Fig. 4 for a system at zero doping. In Sec. III, we derive the thermal conductance G th at the Dirac point, and we discuss the short and long device asymptotics of heat transport. General results for κ and α at arbitrary doping are obtained and discussed in the penultimate Sec. IV.
We neglect phonon effects throughout the body of this work, but these are considered in the Conclusion Sec. V. We focus in particular upon the influence of electron-phonon interactions on the electronic transport coefficients derived in this paper. We demonstrate that phonons may be neglected at low temperatures or for graphene samples of mesoscopic size.
II. HYDRODYNAMIC FORMULATION AND SOLUTION

A. Two fluid hydrodynamics
We take as our starting point the hydrodynamic equations of motion for carriers in graphene, expressed in relativistically covariant notation:
where J i e and J i h denote the electron and hole electric 3-current densities, respectively, Θ ij is the traceless energy-momentum tensor for the (classically) scaleinvariant two-component plasma, and F ij is the Faraday tensor, incorporating both external and self-consistent fields. The Fermi velocity in graphene is denoted by v F , while e = −|e| is the electron charge. Summation over repeated "spacetime" indices is implied in Eqs. (2.1) and (2.2), where
i . The quantity I in Eq. (2.1) is the imbalance relaxation flow, which is proportional to the rate 1/τ Q of carrier recombination or generation between the electron and hole bands. The frictional force density b i el in Eq. (2.2) manifests the effects of elastic scattering of carriers by quenched disorder. In a microscopic quantum kinetic equation treatment, I and b i el obtain as certain momentum averages of the inelastic and elastic collision integrals, respectively. In the limit I → 0, electrons and holes are separately conserved.
By adopting the hydrodynamic approach, we posit fast equilibration of the electron-hole plasma due to inelastic collisions; in particular, we assume τ in τ el (the "interaction-limited" transport regime, see Ref. 11) , with τ in the inelastic lifetime due to interparticle scattering, and τ el the elastic lifetime due to quenched disorder. We express J i e,h and Θ ij in terms of local thermodynamic variables and a hydrodynamic 3-velocity U i ≡ γ(v F , u), with u the ordinary fluid velocity and
Incorporating dissipative deviations from local equilibrium, we write
3)
where ν i e,h and θ ij define dissipative fluctuations of the electron and hole number currents and stress tensor, respectively. In Eqs. (2.3) and (2.4), n e and n h represent proper (rest frame) electron and hole densities. P denotes the total pressure in Eq. (2.5), where we have used the thermodynamic relation 3P = h, with h the enthalpy density; this is a consequence of relativistic scale invariance. In this same equation, g ij denotes the Minkowski metric tensor.
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In what follows, we will neglect for compactness of presentation the non-equilibrium component of the stress tensor θ ij , which describes viscous effects in non-uniform fluid flow. For the thermoelectric transport problem studied here, viscous drag along the sample edges is irrelevant under the condition
, where W is the sample width transverse to parallel electric and heat current flows, and η is the first (dynamic) viscosity coefficient.
23 (The second viscosity ζ vanishes for a massless relativistic gas.) 16 By inserting the decomposition in Eqs. (2.3)-(2.5) into Eqs. (2.1) and (2.2), and taking the non-relativistic limit u 2 ≪ v 2 F , we derive the following entropy, momentum, and particle number balance equations:
Here, s is the entropy density, µ e,h are the electron and hole chemical potentials, and E is the electric field. J n and J respectively denote the total carrier number and electric current densities in Eqs. (2.8) and (2.9); these are defined as
represent the net carrier number and electric charge densities, respectively. Let us also define the imbalance µ I and relative µ chemical potentials, via
On the left-hand side of Eq. (2.7),
is the material derivative. Within linear response, Eq. (2.6) implies that the thermodynamic "forces" {eE − T ∇(µ e /T ), −eE − T ∇(µ h /T ), u, 2µ I } determine the conjugate "fluxes" {ν e,h , b el , I} via the matrix equation
Onsager reciprocity 25 of the entropy balance Eq. (2.6) dictates that the kinetic coefficient matrixM is symmetric,M T =M, where the superscript "T" denotes the matrix transpose operation. Assuming vanishing or weak quenched disorder and slow imbalance relaxation,M can be written asM
The electric conductivities σ ab , ab ∈ {ee, hh, eh}, arise solely due to interparticle collisions, and can be computed in principle within a microscopic quantum kinetic equation (QKE) formulation. 12 The elastic lifetime τ el determines the frictional force density b el ∝ −u; Eqs. (2.15) and (2.16) provide an implicit definition for τ el . Finally, λ Q is a dimensionless parameter that characterizes the efficacy of generation and recombination processes.
Both {σ ab } and λ Q are functions of the dimensionless ratios µ/k B T and µ I /k B T . Particle-hole symmetry requires that the diagonal conductivity elements satisfy the condition
Eqs. (2.15) and (2.16) therefore assert that the interparticle collisions give rise to two independent kinetic coefficients σ ee and σ eh that carry the units of electrical conductance, in addition to the dimensionless imbalance relaxation parameter λ Q . In this paper we focus upon transport in the non-degenerate regime, k B T ≫ |µ|, |µ I |; within the accuracy of the linear response approximation, {σ ab } and λ Q can then be regarded as fixed constants, typically evaluated at the Dirac point (µ = µ I = 0). Under these conditions, Eq. (2.17) implies that σ ee = σ hh . It is worth pointing out that the friction density b el and imbalance relaxation flow I appear already at the level of the "ideal" hydrodynamics: to compute (in principle) the parameters 1/τ el and λ Q in Eq. (2.16), it is sufficient to solve the associated QKE at zeroth order in the inelastic relaxation time τ in , with electron and hole distribution functions locally constrained to take the FermiDirac form. 16, 23, 26 The ideal hydrodynamics is captured by Eqs. (2.6)-(2.11) with ν e = ν h = 0.
To zeroth order in τ in , b el is nonvanishing for a convective particle flow in the rest frame of the disorder (u = 0), while nonzero I arises whenever a population imbalance occurs (µ I = 0). The explanation for this is as follows: the inelastic collision integral governing interparticle scattering for a clean graphene system with vanishing imbalance relaxation would possess zero modes associated to homogeneous fluid convection (momentum conservation) and global shifts of the total carrier number density. These zero modes are made "massive" through the introduction of disorder and the inclusion of some mechanism for imbalance relaxation (such as three particle collisions). For graphene in the hydrodynamic regime, the "masses" (scattering rates) (1/τ el ) and (1/τ Q ) respectively associated to weak disorder and inefficient imbalance relaxation are much smaller than inelastic scattering rate (1/τ in ) for electron and hole number-conserving collisions. Even in the limit of arbitrarily efficient equilibration due to frequent and strongly inelastic such collisions (τ in → 0), nonvanishing u and µ I induce dissipation by coupling to these weakly massive modes. The dominant effect of these forces is the generation of b el and I in the ideal hydrodynamic description.
By contrast, a small but non-zero τ in allows out-ofequilibrium deformations of the electron and hole distribution function shapes. The {σ ab } acquire nonzero values in the first order of the QKE expansion in τ in . This separation of zeroth and first order responses justifies the assumed block-diagonal form of the kinetic coefficient matrix in Eq. (2.16).
B. "Bulk" kinetic coefficients
In the limit of infinite imbalance relaxation, λ Q → ∞ in Eq. (2.16), we must slave µ e = −µ h = µ and µ I = 0 in Eqs. (2.6), (2.7), and (2.15). Assuming steady-state conditions, Eqs. (2.7)-(2.9), (2.15), and (2.16) allow the computation of the electric J and heat J q current densities in the presence of electrochemical potential and temperature gradients. The heat current implied by the left-hand side of the entropy balance Eq. (2.6) is
where on the second line we have used Eqs. (2.10) and (2.11). The linear response takes the usual form 23) where the minimum conductivity at the Dirac point is given by
In these equations, l el ≡ v F τ el is the elastic mean free path due to quenched impurity scattering. In the clean limit, the thermopower in Eq. (2.23) simplifies to α ∞ = s/ρ, which may be interpreted as the "transport entropy" per charge. 27 The results of Eqs. (2.21)-(2.23) were originally obtained in Ref. 10 .
All three thermoelectric coefficients in Eqs. (2.21)-(2.23) depend only upon the combination (σ ee + σ hh − 2σ eh ), for arbitrary doping. We will demonstrate below that these same formulae apply in the presence of finite imbalance relaxation, in the limit of a sufficiently long graphene sample. In the opposite limit of a short graphene device, we obtain new, completely different results for both α and κ, as detailed in Sec. IV. Combined with particle-hole symmetry [Eq. (2.17)], measurement of long and short graphene devices should allow an experimental determination of all three parameters σ ee , σ hh , and σ eh .
C. Experimental geometry
We consider an experiment in which a rectangular strip of graphene is terminated with metallic contacts at opposite ends of the strip; we take the strip to lie along the x-axis between x = 0 and x = L. In a thermal conductivity measurement, the leads are held at different temperatures, T (0) ≡ T 1 and T (L) ≡ T 2 , and the heat current J q [Eq. (2.18)] is measured. For convenience, let us introduceT
To determine the thermopower, we analyze a gedanken measurement in which the metallic contacts are interconnected by a highly resistive "wire"; we sketch a schematic setup in Fig. 2 . The wire is taken to be composed of a disordered metal that is approximately particle-hole symmetric, and thus manifests no thermoelectric voltage of its own. Let V (x) denote the electric potential profile within the graphene. The application of the temperature gradient ∆T = 0 induces a drop V (L) − V (0) across the graphene slab via its thermoelectric effect. Through local electrochemical quasiequilibration at the contacts, the graphene potential drop translates into a voltage dif-
w across the ends of the wire. Here, V L w and V 0 w denote the electric potentials near the contacts situated at x = L and x = 0, respectively, just inside of the metal wire (outside of the graphene). ∆V w drives an electric current through the wire linking the contacts. We assume local electroneutrality throughout the wire; therefore, the diffusion component of the electric current vanishes outside of the graphene. In the limit of arbitrarily large wire resistance, the thermopower is then simply the ratio
Knowledge of the wire resistance and a galvanic measurement of the current thus allow experimental determination of α. We specialize to the quasi-1D strip geometry discussed above, and assume a steady-state linear response to the application of unequal temperatures at the contacts. A small ∆T induces proportional deviations from zero of u, µ I , J n , and V (x); we define the graphene electric potential such that V (x) → 0 in the limit ∆T → 0. The temperature and relative chemical potential are expanded about their average values: 27) where Ψ and Φ are assumed proportional to ∆T .
D. Boundary conditions
We impose the following boundary conditions 28 relating the electron and hole electric current densities J e,h to the corresponding electrochemical potential drops across the contacts of the device shown in Fig. 2 :
28b)
28c)
Here, r denotes the contact surface resistivity, i.e. R c = r/W , where R c is the electrical contact resistance and W is the sample width transverse to the temperature gradient. In Eqs. (2.28a)-(2.28d), µ w denotes the single chemical potential level characterizing the particle-hole symmetric metal wire. Given the assumption of electroneutrality, µ w remains fixed at its equilibrium value even in the presence of ∆T = 0. (µw + µ h ) develops between the wire and graphene which precisely offsets the intrinsic chemical potential difference. Of course, this built-in voltage is not directly measurable with a voltmeter.
In equilibrium, T 1 = T 2 =T ; everywhere within the graphene slab, we have the conditions
Generically, the electron chemical potentials in the graphene slab (µ e =μ) and metal wire (µ w ) will differ; equivalently, µ h −(−µ w ) = −μ+µ w = 0. The interpretation of µ w and −µ w as the "electron" and "hole" chemical potentials in the metal is elaborated in Fig. 3 . Assuming strong bulk screening in both materials, a dipole layer develops at the contacts, leading to the contact potential (see Fig. 3 )
In the nonequilibrium case, we therefore write
We now take the ideal limit of an infinitely resistive wire interconnect (Fig. 2) , and thus we require that the electric current vanish everywhere:
Using Eqs. (2.10), (2.11), (2.13), and (2.29), the boundary conditions in Eq. (2.28) may then be recast as
where we have introduced the electrochemical potential fluctuation
Finally, the temperature fluctuation Ψ(x) satisfies
[Ψ and Φ were introduced in Eq. (2.27).]
E. Solution to the linearized hydrodynamic equations
Employing standard thermodynamic identities and linearizing in ∆T , we rewrite the hydrodynamic Eqs. (2.6)-(2.8), (2.15) , and (2.16) as the following set of 5 first order differential equations, valid to the lowest order in 
(2.38)
We note that the kinetic coefficient sum 
.
(2.47) In the next section, we specialize to the undoped case, and compute the thermal conductivity κ in the limit of infinite contact surface resistivity (r → ∞). We will discuss in detail the inhomogeneity of the temperature and number current density profiles implied by Eqs. (2.40) and (2.43). General results for both κ and the thermopower α are obtained and discussed in the final Sec. IV.
III. THERMAL CONDUCTIVITY AT THE DIRAC POINT
We turn now to the calculation of the kinetic coefficients characterizing the thermoelectric transport. In this section, we concentrate upon the simplest case, that of zero doping. In equilibrium, the Dirac point is characterized by the conditions n e = n h = n 2 ,μ = 0,
As a result of the particle-hole symmetry implied by Eq. 
In this section, we assume an ideal measurement of κ, in which the contact electrical resistivity becomes arbitrarily large,
[See Eqs. (2.28a)-(2.28d) .] Then, we use Eq. (2.44) and impose in addition the conditions listed in Eq. (3.1) upon all equilibrium thermodynamic variables, arriving at the result
where we have introduced
As the so-defined κ depends upon the sample length L, it is sometimes more natural to introduce the thermal conductance G th ,
where W is the width of the graphene slab perpendicular to the applied thermal gradient. The thermal conductance in Eqs. (3.6) and (3.4) constitutes a primary result of this paper. The imbalance relaxation due to non-electron and hole number-conserving inelastic collisions enters through the ratio L/l Q , where the length l Q was defined by Eq. (2.45). At the Dirac point, the latter simplifies to
The effects of quenched disorder are encoded in Eq. (3.4) through the elastic mean free path l el . Let us interpret our results. Consider first the clean limit, with l el → ∞. In this case, the physics is determined by the ratio of the system size L to the length scale l Q [Eq. (3.7)]. For a short device, L ≪ l Q , the thermal conductivity given by Eq. (3.4) asymptotes to
The prefactor in this last equation obtains from the equilibrium pressure and density in Eq. (3.4), evaluated for the ideal relativistic quantum gas at zero doping, taking into account valley and spin degeneracies in graphene. In this short device limit, the temperature profile Ψ(x) [Eq. (2.40)] falls approximately linearly across the entire sample, while the number current density J n is small everywhere along the strip.
In the opposite limit of a long device, L ≫ l Q , the thermal conductance defined via Eq. (3.6) approaches the L-independent constant . For system sizes lQ L l∞ (solid curves), κ grows linearly with L, while the temperature profile is inhomogeneous; this regime is also characterized by the maximal particle flux Jn, as measured at the device center x = L/2. By contrast, in the short (L ≪ lQ) and long (L ≫ l∞) sample size limits, respectively designated by dotted and dashed curves in the figure, κ saturates to κ• and κ∞, respectively; here, the temperature profile asymptotes to a linear gradient. The assumption of infinite contact resistivity [Eq. (3.3)] ensures that Jn(x) vanishes at x = 0, L.
The temperature profile T (x) =T + Ψ(x) now consists of three regions: within a distance l Q of the sample boundaries, the temperature drops approximately linearly; in between these boundary regions, T ∼T . A large carrier number current J n (x) [Eq. (2.43)] flows through the bulk of the sample, but pinches off to zero at x = 0 and x = L where, for ∆T > 0, generation and recombination processes, respectively, relax the accumulating population imbalance. As indicated by Eqs. (2.43) and (2.46), if we relax the condition stipulating ideal contacts [Eq. (3.3)] by assuming a non-zero contact conductance density 1/r > 0, then J n (x) adopts a non-zero value at the sample edges; in this situation, electrons and holes that penetrate (escape) the graphene are generated (recombined) in the contacts.
For a long device (L ≫ l Q ) possessing, in addition, weak quenched disorder, the graphene sample behaves as three thermal resistors in series. The boundary resistance is dominated by the imbalance relaxation processes as in Eq. (3.9), but there is now a finite temperature drop through the bulk. Disorder also introduces a second length scale l ∞ ≫ l Q into the denominator of Eq. (3.4), defined as
The scale l ∞ emerges from Eq. (3.4) when all thermodynamic variables in that equation are evaluated for the ideal quantum relativistic gas with zero charge density. For a graphene slab with L ≫ l ∞ , the bulk thermal resistance dominates, and the thermal conductivity κ asymptotes to the infinite imbalance relaxation value given by Eq. (2.22) , which simplifies at the Dirac point to
For an appropriate definition of l el , Eq. (3.11) is the same result obtained in previous work, 10 which effectively assumed infinite imbalance relaxation. In Fig. 4 , we sketch our results for the L-dependence of the temperature and number current profiles T (x) and J n (x), as well as the thermal conductivity κ = LG th /W , for a sample satisfying l ∞ ≫ l Q .
Note that in the clean limit l el → ∞, the result in Eq. (3.11) appears to suggest that the thermal conductivity at zero doping diverges for any L. For any finite imbalance relaxation l Q > 0, we have seen that this conclusion is incorrect; instead, the response is inhomogeneous (Fig. 4) , yielding a finite G th for all L [Eqs. (3.6) and (3.4)]. We observe that κ in Eq. (3.4) depends only upon the combination σ T [Eq. (3.5)] of "intrinsic" kinetic coefficients; this is different from the combination that enters into the minimum conductivity at the Dirac point σ min [Eqs. (2.21) and (2.24)]. Finally, it is important to stress that the limit given by Eq. (3.11) is appropriate only to the hydrodynamic transport regime, τ el τ in ; in the opposite case, κ is constrained by the "generalized" Wiedemann-Franz law, 19 and a different result can be obtained.
IV. THERMOELECTRIC TRANSPORT COEFFICIENTS: ARBITRARY DOPING
In this section, we compute the thermoelectric response of graphene at non-zero doping. Combining Eqs. (3.2) and (2.44), the general expression for the thermal conductivity is
The thermoelectric power α was identified in Sec. II as the ratio expressed in Eq. (2.26) , where ∆V w = δV L w −δV 0 w is the voltage drop across the "wire" interconnect serving as our voltmeter in the experiment sketched in Fig. 2 . The boundary conditions in Eq. (2.30b) demonstrate that α is determined by the electrochemical po-
The parameters R L , Ξ L , N I , Σ .2) constitute the primary results of this paper. We now specialize these results to the short (L ≪ l Q ) and long (L ≫ l Q ) device limits. 
These results indicate that the limit L ≪ l Q gives not one but several regimes for the thermoelectric response in the general case; the demarcation lines between these depend upon L and the contact surface resistivity r, as well as the doping and the extent of disorder in the sample. We analyze Eqs. (4.3) and (4.4), neglecting the influence of disorder for simplicity (l el → ∞). We focus upon the non-degenerate case of high temperatures and low doping, k BT ≫ |μ|. A maximum of three behavioral regimes are possible for both κ and α, and these are accessed sequentially with increasing L. We define two length scales mediated by the contact resistivity r, r , the electrical conductance of the graphene sample at zero doping is of order the contact conductance, since
where R c = r/W , and W is the sample width transverse to the current flow. By contrast, l
is the scale at which the thermal conductance G th for clean, nondegenerate graphene in the infinite imbalance relaxation limit becomes of order the electrical contact resistance:
where κ ∞ is given by Eqs. gives α ∞ = s/ρ in the limit l el → ∞, which exhibits a simple pole at ρ = 0 (s is the entropy density). Measurements of the thermoelectric response in both the short and long device limits for graphene in the hydrodynamic regime should allow extraction of the independent diagonal (σ ee ) and offdiagonal (σ eh ) tensor coefficients defined by Eq. (2.16).
In a longer device with intermediate
r , the terms proportional to L in the numerators of both Eqs. r , the term proportional to L in the denominator of both Eqs. (4.3) and (4.4) dominates, so that κ and α plateau to their infinite imbalance relaxation limits (κ ∞ , α ∞ ), transcribed above in Eqs. (2.22) and (2.23). In other words, when the contact electrical conductance becomes larger than the infinite imbalance relaxation limit of the graphene thermal conductance G th,∞ (times e 2 /k 2 BT ) [Eq. (4.7)], we find that κ → κ ∞ .
Observation of the described crossovers requires that the imbalance relaxation length l Q exceeds one or both
r . In the non-degenerate regime of the carrier plasma, we obtain an order of magnitude estimate for l Q by approximating Eq. (2.45) as 
By contrast, theT -dependence of l
r is partially determined by the conditions of the experiment. If for example the charge density ρ = e(n e − n h ) is held constant as the temperature is varied, then Eq. (4.8) suggests that the crossover at L ∼ l (κ) r should be observable in the short device regime only for temperatures
These equations hold only for relatively clean, nondegenerate graphene; the average chemical potential and temperature must satisfy |μ|/k B ≪T . In addition, if we take λ Q ∼ 1 and σ min ∼ 4e 2 /h (see the discussion in the next subsection, below), then Eq. (4.10) holds only for l el ≫ l Q (e n/ρ) 2 . By contrast, for l el ≪ l Q , only one crossover within the L ≪ l Q regime is possible, at L ∼ l (σ) r .
Numbers for the short device (L ≪ lQ) regime
Experimentally, v F ∼ 10 6 m/s, while σ min ∼ 4e 2 /h.
1,29
We have not calculated the imbalance relaxation parameter λ Q in Eqs. (4.8)-(4.10), which requires a quantum kinetic equation treatment that incorporates three-particle collisions and/or impurity-assisted recombination. We have argued that, due to the absence of two-particle mechanisms (see Fig. 1 and the concomitant discussion in Sec. I), imbalance relaxation should be a slow process in the hydrodynamic regime. In what follows, we take the conservative estimate λ Q ∼ 1. We consider first the crossover at L ∼ l r , so these conditions would seem to require an impractically short device. Longer devices meeting the required constraints are possible for more resistive contacts and lower carrier densities. For a contact resistance of R c = 100 Ω and a relative density ρ/e = 10 7 /cm 2 , one finds T r ) ∼ 1 µm. Contact resistance can be controlled in principle through the incorporation of a highly insulating spacer layer of varying thickness between the graphene and the contact metal.
Long device L ≫ lQ
In the opposite limit where the sample length L exceeds the imbalance relaxation length l Q , Eqs. with n (ρ) the total number (charge) density. In this case, an intermediate regime exists for l Q ≪ L ≪ l ∞ , in which κ and α grow linearly with L. Only for L ≫ l ∞ do the infinite imbalance relaxation limits for these kinetic coefficients emerge. We stress once again that Eqs. (4.3), (4.4), (4.11), and (4.12) hold only for the case of hydrodynamic, interparticle collision-mediated transport. In the opposite case of "disorder-limited" transport, where the elastic scattering rate exceeds the inelastic rate due to interparticle collisions (τ el τ in ), κ and α are slaved to the electrical conductivity through the "generalized" Wiedemann-Franz law and Mott relation, respectively.
19 Further discussion on the distinction between interaction and disorderlimited transport in graphene can be found in Ref. 11 .
Finally, we comment upon the physics of the thermoelectric transport within the L ≫ l ∞ regime. From Eq. (2.42), we note that, in the long device limit, the imbalance chemical potential µ I (x) [introduced in Eq. (2.13)] is exponentially suppressed between boundary layers of size l Q . The electron-hole population imbalance is therefore confined to the boundary regions. By contrast, Eq. (2.43) shows that the number current J n that flows through the bulk of the sample decays only linearly with increasing L, for fixed ∆T : 
